In this paper we provide an extension of the model discussed in [KM16] describing two singularly interacting particles on the half-line R + . In this model, the particles are interacting only whenever at least one particle is situated at the origin. Stimulated by [QU15] we then provide a generalisation of this model in order to include additional interactions between the particles leading to a molecular-like state. We give a precise mathematical formulation of the Hamiltonian of the system and perform spectral analysis. In particular, we are interested in the effect of the singular two-particle interactions onto the molecule.
Introduction
Singular many-particle interactions on general compact quantum graphs were introduced in [BK13a, BK13b] in order to provide a model for the investigation of many-particle quantum chaos. Based on that, a model of two singularly interacting particles on the half-line R + = [0, ∞) (a simple non-compact quantum graph) was formulated in [KM16] . More precisely, the Hamiltonian of this model is formally given by v : R 2 → R being some symmetric (real-valued) interaction potential. Due to the properties of the δ-potential we see from (1.1) that the two particles are interacting only whenever at least one of the particles is situated at the origin. Furthermore, given the support of v is contained in B ε (0), i.e., the open ball of radius ε > 0 around 0 ∈ R 2 , the two particles are interacting only whenever one particle is situated at the origin and the other is ε-close to it.
From a physical point of view, the interesting property of (1.1) is that the two-particle interactions are spatially localised onto the origin. Usually, one expects the two-particle interaction to depend on the relative coordinate only. However, as outlined in [KM16] , there are situations where a spatial localisation of many-particle interactions is expected due to certain inhomogeneities of the real physical system to be modeled. In particular, the authors refer to so called composite wires from the field of applied superconductivity [FS04] . Those consist of superconducting parts as well as normal-conducting parts and due to the Cooper pairing-effect of superconductivity, the interaction between a pair of electrons in such a wire depends on their corresponding spatial position. In this sense, the Hamiltonian (1.1) might be used to model a system of two electrons in a wire which is normal-conducting except for a relatively small part at the beginning of the wire which is superconducting. In addition, as described in [Gla93, GN05] , non-separable quantum two-body problems are quite rarely discussed in the literature although having important applications in condensed matter physics as well as quantum entanglement.
In this paper we are interested in an extension of the model discussed in [KM16] by adding to (1.1) an attractive binding potential between the particles leading to a molecularlike state. This was motivated by [QU15] (see Eq. (5) therein) where the scattering of a twoparticle bound system at mirrors is investigated. In particular, the authors are interested in the scattering process given each particle of the molecule is scattered separately at a mirror (each of the mirrors is modelled by a δ-potential). Actually, by allowing for a non-constant potential v in (1.1), the model discussed in this paper also provides an extension of the model discussed in [QU15] . In their language, the scattering of one particle of the molecule at its mirror is then no longer independent from the position of the second particle. From a physical point of view, this seems to be a possible scenario.
The paper is organised as follows: In Section 2 we formulate the model and rigorously construct the Hamiltonian of the system via a suitable quadratic form. In Section 3 we perform spectral analysis and describe the essential as well as the discrete part of the spectrum. We prove the existence of an eigenstate below the essential spectrum in the case of vanishing singular interactions and which is due to the geometry of the one-particle configuration space. We then investigate the effect of additional singular two-particle interactions on the spectrum and prove, as a main result, that the discrete part of spectrum becomes trivial given the singular interactions are repulsive and strong enough.
The model
In this paper we consider a system of two (distinguishable) particles moving on the half-line R + = [0, ∞) described by the formal Hamiltonian
1)
being some binding-potential. For simplicity, we choose V b to be given by
2) d > 0 characterising the "size" of the molecule. Due to the presence of the bindingpotential, the two-particle configuration space has been reduced from R 2 + to Ω which is given by
For later purposes we also define
and
Now, in order to arrive at a rigorous realisation of (2.1) we construct a suitable quadratic form on the Hilbert space L 2 (Ω). We define
We note that the Dirichlet boundary conditions along ∂Ω D are induced by (2.2). Furthermore, we set σ(y) := −v(0, y) and ϕ bv =: ϕ| ∂Ωσ which are well defined according to the trace theorem for Sobolev functions [Dob05] . Note that σ is assumed to be real-valued throughout the paper. Using the methods from [KM16] we can directly establish the following statement which generalises Theorem 2.2 of [KM16] .
is densely defined, closed and semi-bounded from below.
Hence, according to the representation theorem for quadratic forms [BHE08] , there exists a unique self-adjoint operator being associated with q d [·] . This operator, being the Hamiltonian of our system, shall be denoted by −∆ 
On the essential spectrum
In this section we are interested in the spectral properties of the self-adjoint operator −∆ d σ for values 0 < d < ∞. We start by characterising the essential spectrum and obtain the following result.
Proof. We sketch the proof using similar methods as employed in the proof of Theorem 3.1 of [KM16] .
we consider the rectangle D kn,ln ⊂ Ω, l n > k n , which is obtained by dissection of Ω using the two straight lines y 1 = −x + (2k n − d) and y 2 = −x + (2l n − d) (see Fig. 1 (a) ). On D kn,ln one then defines ϕ n to be the (normalised) ground state eigenfunction of the two-dimensional Laplacian subjected to Dirichlet boundary conditions. In particular, due to a separation of variables, the corresponding ground state eigenvalue E n is calculated to be
2 one employs a bracketing argument [BHE08] , i.e., one considers the direct sum −∆
of two-dimensional Laplacians with Ω 1 := Ω \ D k,∞ and with the boundary conditions of the original problem along ∂Ω (see Fig. 1 (b) ). We note that the index N refers to additional Neumann boundary conditions along the line obtained along the construction of D k,∞ . Since
is a Laplacian on a bounded Lipschitz domain and has purely discrete spectrum) and since −∆
2 by using the reasoning from above as well as a separation of variables argument, we arrive at the statement. 
On the discrete spectrum
By Theorem 3.1 we know that the bottom of the essential spectrum is located at π 2 /2d 2 . One might now ask for the existence of isolated eigenvalues below the essential spectrum. In a first result we investigate the seemingly trivial case of vanishing boundary potential, i.e., σ ≡ 0. From a physical point of view, this means that the "molecule" is moving freely on the half-line with no singular two-particle interactions present. However, quite surprisingly, we prove the existence of an eigenvalue below the bottom of the essential spectrum already in this case.
Theorem 3.3. Let −∆ d σ be given with σ ≡ 0 and 0 < d < ∞. Then there exists at least one eigenvalue below the essential spectrum, i.e.,
Proof. We use the results of [EŠŠ89] . In this paper, the authors prove the existence of an eigenstate at energy λ ≈ 0, 93 · (π/b) 2 of the two-dimensional Laplacian on the L-shaped domain
subjected to Dirichlet boundary conditions (see Fig. 2 (a) ). We note that the parameter b > 0 of their model is related to the parameter d > 0 of our model via the relation b = √ 2d. We will also denote the corresponding eigenfunction of their model by ϕ ∈ H 1 (Ω b ). The strategy now consists of employing a variational argument. For this we consider the two-dimensional Laplacian on an extended version of Ω b , i.e., on
again subjected to Dirichlet boundary conditions (see Fig. 2 (b) ). One then readily verifies that ϕ ∈ H 1 (Ω b ), extended by zero onto Ω b , yields the upper bound λ to the ground state energy of the Laplacian defined on Ω b (Rayleigh-Ritz variational principle). Let then ϕ ∈ H 1 (Ω b ) denote the corresponding ground state eigenfunction of the two-dimensional Laplacian on Ω b . The important step is now to dissect Ω b into four parts employing the two straight lines y = x and y = −x + b (see Fig. 2 (c) ). Each obtained part is a (rotated and translated) copy of our original domain Ω and hence we can consider the restrictions of ϕ = 0 to any of the parts. This leaves us with (at most) four trial functions for our original problem. Taking into account that each such restriction vanishes if and only if its gradient does (due to the Dirichlet boundary conditions) we can employ the inequality
to obtain the statement via the Rayleigh-Ritz variational principle.
Remark 3.4. The statement of Theorem 3.3 is, from a physical point of view, truly remarkable. It means that, only due to the geometry of the one-particle configuration space (the half-line), there exists a bound state such that the molecule remains localised around the origin without the presence of attractive external potentials. To compare, if one considers the same problem with the complete real line as one-particle configuration space, no such bound state will exist. We can now investigate the stability of the discrete spectrum in the case where σ = 0, i.e., in the presence of singular two-particle interactions. From a physical point of view, we expect that purely attractive singular interactions do not lead to a destruction of the discrete part of the spectrum. Also, given the repulsive singular interactions are not too strong, the same is expected. 
from (2.6). Hence the statement follows from the Rayleigh-Ritz variational principle.
On the other hand, we have the estimate
given that σ ∞ is small enough. Consequently, one concludes that q d [ϕ 0 ] < π 2 /2d 2 for such σ and hence the second statement follows.
Corollary 3.5 shows that the discrete spectrum is stable with respect to small singular two-particle interactions. However, due to the singular nature of the two-particle interactions one might wonder whether σ d (−∆ Theorem 3.6. Let 0 < d < ∞ be given. Then there exists a constant γ < 0 such that
Proof. We first note that, due to the assumptions,
γ , being the self-adjoint operator associated with q γ [·], also has a lowest eigenvalueẼ 0 smaller than π 2 /2d 2 . Letφ ∈ H 1 (Ω) denote the corresponding normalised eigenfunction. We can then restrict it to the triangle spanned by the points (0, 0), (0, d), (d, 0) ∈ R 2 + and reflect across the line y = −x + d to obtain a trial function for the two-dimensional Laplacian on a square of side length d subjected to (repulsive) Robin boundary conditions (see Fig. (3) and Remark 2.1 and note that repulsive refers to σ being negative). Note that the restriction ofφ onto the triangle, as well as the restriction of its gradient, cannot vanish: If the gradient vanished thenφ would be constant on the triangle and, due to the Robin boundary conditions along ∂Ω σ (see Remark 2.1), this would imply thatφ = 0 on the triangle. On the other hand, ifφ = 0 on the triangle, theñ ϕ ∈ H 1 (Ω) would be a trial function for the two-dimensional Laplacian on D d,∞ (see proof of Theorem 3.1) with Dirichlet boundary conditions along ∂Ω D and Neumann boundary conditions elsewhere. However, the spectrum of this Laplacian starts at π 2 /2d 2 as can be seen by a separation of variables and we therefore obtain a contradiction.
As described above, usingφ ∈ H 1 (Ω) we constructed a trial function on the square of side length d for the Laplacian subjected to (repulsive) Robin boundary conditions. Let E S 0 > 0 denote the lowest eigenvalue of this Laplacian. Then, using (3.7), we conclude that 0 < E S 0 < E 0 < π 2 /2d 2 .
(3.10)
On the other hand, employing a separation of variables we know that E S 0 = 2λ 0 (γ) where λ 0 (γ) > 0 is the lowest eigenvalue of the one-dimensional Laplacian on an interval of length d, subjected to (repulsive) Robin boundary conditions with constant |γ|. In this case, however, one can show (see Eq. (4.4) of [BE09] ) that λ 0 (γ) → π 2 /d 2 as γ → −∞.
Hence, for |γ| > 0 large enough, we are in contradiction with inequality (3.10) and the statement follows.
Remark 3.7. Theorem 3.6 is interesting from a physical point of view. It shows that the additional two-particle interactions, albeit their singular nature, destabilise the system by leading to the destruction of the discrete part of the spectrum.
